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POTENTIALLY DIAGONALIZABLE MODULAR LIFTS OF
LARGE WEIGHT
IVA´N BLANCO-CHACO´N AND LUIS DIEULEFAIT
Abstract. We prove that for a Hecke cuspform f ∈ Sk(Γ0(N), χ) and a prime
l > max{k, 6} such that l ∤ N , there exists an infinite family {kr}r≥1 ⊆ Z such
that for each kr, there is a cusp form fkr ∈ Skr (Γ0(N), χ) such that the Deligne
representation ρfkr,l is a crystaline and potentially diagonalizable lift of ρf,l.
When f is l-ordinary, we base our proof on the theory of Hida families, while in
the non-ordinary case, we adapt a local-to-global argument due to Khare and
Wintenberger in the setting of their proof of Serre’s modularity conjecture,
together with a result on existence of lifts with prescribed local conditions
over CM fields, a flatness result due to Bo¨ckle and a local dimension result
by Kisin. We discuss the motivation and tentative future applications of our
result in ongoing research on the automorphy of GL2n-type representations in
the higher level case.
In [2], the authors introduce potentially diagonalizable representations, a tool
which allows to prove automorphy in a wide range of cases. Since then, the
generality and versatility of the notion has brought new hopes in the study of
Langlands functoriality. More precisely, we are thinking in the part of Lang-
lands functoriality conjecturing the preservation of automorphy under standard
group-theoretical operations such as restriction, extension, symmetric powers or
tensor products. For instance, in [7], the second author has studied GL2n-type
representations of the form πf ⊗πφ with f modular of level 1 and φ automorphic
and self-dual, and it is ongoing work the study of similar results for higher level
in the GL2 factor, at least in the odd case.
A promising strategy towards this end is to produce safe chains of congruences
along a family of modular representations of varying Serre weights and level until
we fall in a tractable case, for which we know that automorphy is preserved after
tensoring. Such a tractable case occurs, for instance, when the final modular form
is CM. This approach, together with the fact that potential diagonalizability is
kept under tensor product is a motivation for the present work. In fact, the main
result in this paper, which produces congruences to modular forms of arbitrarily
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large weight which are known to be potential diagonalizable locally at p is a very
helpful tool for attacking Langlands functoriality via the method of safe chains of
congruences: the novelty in our result with respect to classical ones is that we can
preserve the potentially diagonalizable character at p, which is key to allow the
automorphy lifting theorems in [2] to be applied through the process of proving
functoriality. And by the way, this is what we mean when we call the chain of
congruences safe: that at each congruence in the chain appropriate conditions
hold so that it is amenable for some automorphy lifting theorem to be applied.
Let f ∈ Sk(Γ0(N), χ) be a Hecke-eigenform for each Hecke operator Tp with
p ∤ N , with field of coefficients Kf , and let l > k be a prime with l ∤ N . Denote
by Of the ring of integers of Kf . Further on, in our argument we will need to
assume that l > 6, leaving the remaining cases for a further study. The reason is
that we use in a crucial manner a general automorphy lift result in [2] which we
recall as Theorem 3.15.
Fix a prime λ of Of above l and denote by Of,λ the λ-adic completion of Of .
Let ρf,l : GQ → GL2(Of,λ) the l-adic representation attached to f by Deligne
and let ρf,l : GQl → GL2(Fl) be the reduction of ρf,l|Ql modulo λ. Recall that
det(ρf,l) = χǫ
k−1
l , where ǫl : GQ → O
∗
f,λ is the l-adic cyclotomic character, which
again, we recall, ǫl(φp) = p for p ∤ Nl.
For technical reasons, we need to assume that SL2(Fl) ⊆ Im(ρf,l). It is known
after Momose ([12]) that this is the case for all but finitely many l if f is not CM,
which is a natural assumption to make, and which we will also make. In this
case, it also follows that ρf,l is absolutely irreducible, hence in particular, simple,
which avoids us working with semisimplifications when dealing with the residual
representation at several points in our study. Let k0 be the Serre weight of ρf,l.
Since l ∤ N and 2 ≤ k ≤ l − 1, it follows that k = k0.
The aim of the present work is to prove the following
Theorem 0.1. Let f ∈ Sk(Γ0(N), χ), Kf , l and λ be as in the above paragraph.
Then, there exists an infinite sequence {kr}r≥1, and for each kr, a cusp form
fkr ∈ Skr(Γ0(N), χ) such that ρfkr,l is a lift of ρf,l and such that ρfkr,l |GQl is
1. crystalline of Hodge-Tate weight {0, kr − 1},
2. potentially diagonalizable, in the sense of [2] (we recall the precise defini-
tion in the first section).
Both in the ordinary and in the non-ordinary case, the representation ρf,l|GQl
is potentially diagonalizable, due to [2] Lemma 1.4.3, and this is the starting
point for our proof. In the ordinary case, we use Hida families and examine
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the representations attached to the specializations. These are crystalline and
ordinary, hence potentially diagonalizable.
The proof in the non-ordinary case is significantly more involved and uses, first,
an infinite family of local lifts (via [3] Lemmas 4.1.15 and 4.1.19) of the restriction
of ρf,l to Il, the inertia group at l. Then, we mimick an argument due to Khare
and Wintenberger ([9]): from the universal deformation rings attached to suitable
deformation conditions, we construct a global deformation ring Rkr,global and
prove that its dimension is greater than or equal to 1 and that it is finitely
generated as a module over a suitable ring of integers. Hence, by an argument
due to Bo¨ckle in [13], Spec(Rkr ,global) contains Ql-points which, moreover, we
prove to be modular.
1. Definitions, notations and preliminary facts
Along this paper, K will denote a finite extension of Ql and O its ring of in-
tegers. Fix an algebraic closure K of K and denote as usual GK = Gal(K/K),
the absolute Galois group of K. Given a local ring R of residual characteristic
l, denote by mR its unique maximal ideal and by F its residual field. Denote by
GLm(R)1 the kernel of the reduction map GLm(R) → GLm(F). For a represen-
tarion ρ : Γ→ GLm(R) and for g ∈ GLm(R), we will denote (int)(g)ρ := gρg
−1,
the conjugation of ρ by g. If R = OQl , denote by ρ its residual representation
obtained by reducing modulo mQl . Further, for each place (finite or not) ν of
K, we denote by Dν the decomposition group Gal(Kν/K)and by Iν the inertia
subgroup. Denote also det(ρ) and det(ρ) the compositions of ρ and ρ with the
determinant map.
Let Γ = GK . Denote by ρ

O : Γ → GLn(R

O,ρ) the framed universal deforma-
tion of ρ to the framed universal deformation ring RO,ρ. Framed deformations are
just lifts of the residual representation, with no other equivalence than equality (a
basis is fixed for the residual representation, compatibly lifted in each deforma-
tion). For each finite set S of rational places (possibly containing the archimedean
one), denote by RO,S the complete noetherian local O-algebra which represents
the functor A 7→ {(ρf,A, {βA,ν})ν∈S}, with ρf,A framed deformation of ρf,l to A
(complete noetherian local ring) unramified outside S, and for each ν ∈ S, βA,ν is
a lift of the chosen basis of ρf,l. Setting µ = χǫ
k−1 = det(ρf,l), we have universal
objects R,µO,ρ and R
,µ
O,S parametrizing frame deformations of ρ with fixed deter-
minant µ. To make having fixed determinant µ a proper deformation condition
in the sense of Mazur, we slightly abuse notation when saying that ρf,l satisfies
the condition by identifying ǫl with its composition with reduction modulo l.
Denote by ρO : Γ→ GLn(RO,ρ) the universal deformation of ρ to the universal
deformation ring RO,ρ (whenever the deformation functor is representable) and
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the fixed-determinant (uni)versal object RµO,ρ for µ = ψǫ
n, with ψ of finite order
and n ∈ Z.
Let P denote a property on representations ρ : GK → GLn(Ql) (for instance,
being crystalline, or semistable, or being so after restriction to GF , with F/K
some finite extension). The ring RO,ρ,{Hτ},P is defined as the unique quotient of
RO,ρ which is reduced, l-torsion free and such that a point ξ : R

O,ρ → Ql factors
through RO,ρ,{Hτ},P if and only if corresponds to a representation ρ : GK →
GLn(Ql) which is de Rham with Hodge-Tate numbers {Hτ} for all τ : K →֒ Ql
and which has property P. For our purposes we need to consider only the property
P = F − cris: crystalline after restriction to F . Observe that we are imposing
no condition on the determinant here.
The existence of RO,ρ,{Hτ},F−cris follows as in the first paragraph of the proof
of 2.7.6. of [11].
Definition 1.1 (Barnet-Lamb, Gee, Gerarghty, Taylor, [2], pag. 26). For any
two representations ρ1, ρ2 : GK → GLn(OQl), we say that ρ1 connects to ρ2 if
• ρ1 and ρ2 are equivalent,
• ρ1 and ρ2 are potentially crystalline,
• for each continuous field embedding τ : K →֒ Ql, HTτ (ρ1) = HTτ (ρ2),
• and ρ1 and ρ2 define points on the same irreducible component of the
scheme Spec(R
ρ1,{HTτ (ρ1)},F−cris
⊗Ql) for some (and hence all) sufficiently
large F .
It is convenient to observe that connects is an equivalence relation and the fact
that ρ1 connects with ρ2 does not depend only on the GLn(OQl)-conjugacy class
of ρ1 or ρ2; it depends on ρ1 and ρ2 themselves, and on their common connected
component (cf. [2] Lemma 1.2.2).
Definition 1.2. A Galois representation ρ : GK → GLn(OQl) is said to be di-
agonalizable if it is crystalline and connects to some representation χ1⊕ ...⊕χn,
with χi : GK → O
∗
Ql
crystalline characters, and it is said to be potentially diago-
nalizable if there exists a finite extension K ′/K such that ρ|GK′ is diagonalizable.
In several arguments in Section 3, we will crucially use the following potential
diagonalizability criteria :
Theorem 1.3 ([2], Lemma 1.4.3). Let ρ : GK → GLn(Ql) be a potentially
crystalline representation (i.e. crystalline after restriction to GF for some finite
extension F/K).
POTENTIALLY DIAGONALIZABLE MODULAR LIFTS OF LARGE WEIGHT 5
a) If ρ has a GK-invariant filtration with one-dimensional graded pieces,
then ρ is potentially diagonalizable. In particular, potentially crystalline
ordinary representations are potentially diagonalizable.
b) If K/Ql is unramified, ρ is crystalline and all the Hodge-Tate weights
are in the range {0, ..., l − 2} (i.e. the Fontaine-Lafaille range), then ρ is
potentially diagonalizable.
In the rest of the article, it will be n = 2 unless we state the contrary.
2. The ordinary case
Assume f is l-ordinary so that, as is well known, ρf,l is ordinary in the sense of
Theorem 1.3 a). A simple strategy to prove our main theorem in this case is by
using Hida families. Next, we introduce the precise definitions and relevant facts,
enough for our purposes. First of all, we need to recall the concept of ordinary
l-stabilisation:
Definition 2.1. Let f ∈ Sk(Γ1(N), χ) be an ordinary Tl-eigenform and al(f) its
eigenvalue. Consider the Hecke characteristic polynomial X2−al(f)X+χ(l)l
k−1
and label its roots α and β so that ordl(α) = 0 and ordl(β) = k − 1. The
l-ordinary stabilisation of f is the modular form whose q-expansion is given by
f (l)(q) = f(q)− βf(ql).
This is a modular form in the space Sk(Γ1(N) ∩ Γ0(l)).
Set Γ = 1 + lNZl and let Λ = O[[Γ]] be the completed group ring of Γ. The
weight space is defined to be
Ω := HomO−alg(Λ,O) ∼= Homcts(Γ,O
∗).
The subset of classical characters of Ω is
Ωcl = {χk := (γ 7→ γ
k), with k ∈ Z≥2}.
Given any finite flat extension Λ′ of Λ, denote Ω′ = Hom(Λ′,O). This space is
endowed with a natural projection κ : Ω′ → Ω, induced by the inclusion Λ →֒ Λ′.
Definition 2.2 (Darmon-Rotger, [4] p. 22). A Hida family of tame level N is a
quadruple f = (Λf ,Ωf ,Ω
cl
f
, f(q)) where
a) Λf is a finite and flat extension of Λ.
b) Ωf is a non-empty open subset of Xf := Hom(Λf ,Cp) and Ω
cl
f
is an l-
adically dense subset of Ωf whose image under κ lies in Ω
cl,
6 IVA´N BLANCO-CHACO´N AND LUIS DIEULEFAIT
c) f =
∑
n≥1
anq
n ∈ Λf [[q]] is a formal q-series such that, for all x ∈ Ω
cl
f
, the
power series
f (l)x :=
∞∑
n=1
an(x)q
n
is the q-expansion of the ordinary l-stabilization of a normalised newform
(denoted fx) of weight κ(x) on Γ1(N).
With this given definition, one has the following result:
Theorem 2.3 ([4] p. 23). Let f be an ordinary newform in Sk(N,Kf ). There
exists a Hida family (Λf ,Ωf ,Ω
cl
f
, f(q)) of tame level N and a classical point xk ∈
Ωcl
f
such that κ(xk) = k and fxk = f .
Moreover, one of the features which Hida families carry is that of the congru-
ences between the specializations. Congruence in a broad sense, which we next
recall.
Definition 2.4. Let f ∈ Sk(Γ1(N), χ) and g ∈ Sr(Γ1(M), ψ), K a number field
which contains both definition fields of f and g and p a prime in K. we denote
f ≡′ g (mod p)
if for all but finitely many Fourier coefficients c(n, f) and c(n, g), it holds
c(n, f) ≡ c(n, g) (mod p).
The feature of Hida families we refered to above is the following, a particular
case of the more general statement in [6] Theorem 4:
Proposition 2.5. Let f ∈ Sk(Γ1(N), χ) and f a Hida family pasing by f and λ
a prime in Of over l. Then, for all classical l-adic weights x, y ∈ Ω
cl
f
, such that
κ(x) ≡ κ(y) (mod l − 1) it holds
f (l)x ≡
′ f (l)y (mod λ).
Proof. For a Hida family (Λf ,Ωf ,Ω
cl
f
, f(q)) of tame level N with f =
∑
n≥1
anq
n ∈
Λf [[q]], and a classical point xk = χk ∈ Ω
cl
f
, the specialization of f at xk is
f
(l)
k =
∑
n≥1
an((γ + 1)
k − 1)qn,
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the q-expansion of the l-ordinary stabilisation of a cuspform of level N (which has
level Np) and Nebentypus character χω−k, where ω is the Teichmu¨ller character,
of order l − 1. It is immediate to see that all these specializations are congruent
to each other modulo l. To fix the Nebentypus characters of the specializations
as that of f , it is enough to restrict to weights congruent to k modulo l − 1, an
l-adic neighbourhood of xk. 
Now we can prove our main theorem in the ordinary case.
Theorem 2.6. For our l-ordinary cusp form f , there exists an infinite sequence
{kr}r≥1 ⊆ Z, and for each kr, a cusp form fkr ∈ Skr(Γ0(N), χ) such that ρfkr,l :
GQ → GL2(Ofkr ,λ) is a lift of ρf,l and such that ρfkr,l |Ql is
1. crystalline of Hodge-Tate weight {0, kr − 1},
2. potentially diagonalizable.
Proof. Consider the Hida family (Λf ,Ωf ,Ω
cl
f , f) passing by f in weight k and
consider the infinite subset Ωclf,k = {kr ≡ k (mod l − 1)}, so that for each kr ∈
Ωclf,k, the specialization f
(l)
kr
is the ordinary l-stabilisation of an ordinary Hecke-
eigenform fkr(Γ0(N), χ) of weight kr.
Denote by ρfkr,l the l-adic representation attached to fkr by Deligne. Let Kfr ,f
be the compositum of Kf and Kfr and choose a prime λ of Kfr,f over l. We have
f
(l)
kr
≡′ f (l) (mod λ) by Prop. 2.5. From this we conclude that ρfkr,l
∼= ρf :
Indeed: first we observe that the Fourier n-th coefficient of an ordinary Hecke-
eigenform form coincides with that of its l-stabilisation when l ∤ n. Second, the
isomorphism class of a semisimple representation of GQ into GL2(Fl) is deter-
mined by the traces and determinants of the Frobenius elements φp for p prime
outside a finite set: namely, those primes not dividing Nl, with N the Artin
conductor.
Since for each prime p ∤ lN , we have c(f
(l)
kr
, p) = c(fkr , p) and c(f
(l), p) = c(f, p)
and for all but finitely many primes we have c(f
(l)
kr
, p) ≡ c(f (l), p) (mod λ), it also
follows that ρfkr,l(φp) = ρf (φp), as claimed.
To conclude, since l ∤ N , fkr is crystalline (and ordinary) for each r ≥ 2, then
ρfkr,l is potentially diagonalizable. 
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3. The non-ordinary case
Let now f ∈ Sk(Γ0(N), χ) be non-ordinary. Since we are assuming that 0 ≤
k ≤ l − 1 and since Ql is totally unramified and since l ∤ N , ρf,l|Ql is crystalline,
hence by Theorem 1.3 b), ρf,l|Ql is potentially diagonalizable.
If we try to repeat the argument of the proof of Theorem ?? replacing Hida
families by Coleman families in our non-ordinary case, we find that each special-
ization fkr is neither ordinary nor its weight is in the Fonaine-Lafaille range, as
it increases with r. In this section we deal with the non-ordinary case with an
alternative approach independent (at first sight!) on Coleman families.
3.1. Local lifts. Since f is non-ordinary at l, the reduction of its l-th Fourier
coefficient vanishes in Fl hence, by a theorem of Fontaine (a proof of which can
be found in [8]), we have
ρf,l|Il =
(
ψk−12 0
0 ψ
(k−1)l
2
)
,
where ψ2 is a fundamental character of level 2. Notice that ψ
(k−1)l
2 is conjugated
to ψk−12 and the exponents of the diagonal entries have the form al+ b and a+ bl,
where {a, b} = {0, k − 1}, the Hodge-Tate weights of f .
Lemma 3.1. For any kr ≡ k (mod l
2−1) there exists a potentially diagonalizable
crystalline lift ρkr ,l : GQl → GL2(Ql) of ρf,l|GQl of Hodge-Tate weight {0, kr − 1}
and determinant χǫkr−1.
Proof. Denote by Ql2 the unique unramified extension of Ql of degree 2. By [3]
Lemma 4.1.19, there is a crystalline lift ρkr ,l : GQl → GL2(Ql) of ρf,l such that
ρkr ,l|GQl2 =
(
εψkr−12,kr 0
0 ε′ψ
(kr−1)l
2,kr
)
,
with ε : GQl → Q
∗
l unramified character and ψ2,kr a crystalline lift of ψ2, with
Hodge-Tate weight {0, kr − 1}.
In particular, det(ρkr ,l) is a crystalline lift of det(ρf,l) = χǫ
k−1
l (denoting like-
wise by χ the Nebentype character and its reduction mod l). This means that
det(ρkr ,l) = χ
∗ǫkr−1l , with χ
∗ a lift of χ (modulo l). Denote still by ρkr ,l the
twisted representation α⊗ ρkr ,l with α =
√
χ(χ∗)−1, for a fixed choice of square
root.
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Notice that α is a well defined unramified character: indeed, identifying charac-
ters of Gal(Qunrl /Ql) with characters of Gal(Fl/Fl), we see χ(χ
∗)−1 as a character
of a finite cyclic extension Gal(Flr/Fl) determined by its image χ(χ
∗)−1(θ) with
θ a cyclic generator, then α is determined by a square root
√
χ(χ∗)−1(θ).
Finally, since α ≡ Id (mod l) and χ(χ∗)−1 is crystalline, so is α and hence
ρkr,l is also a crystalline lift (and potentially diagonalizable) of ρf,l with the right
determinant. 
3.2. From local to global. From the family ρkr ,l constructed in Lemma 3.1,
our final goal is to produce a family of modular and crystalline lifts of ρf,l. This
involves the definition of a suitable global deformation ring and a positive lower
bound for its dimension, which we carry out in this and next sections. We follow
very closely the approach of [9] Section 4.
First, we start by defining the following family of local rings for a finite set
of rational primes attached to several deformation conditions. In the rest of this
section, O denotes the ring of integers of a finite extension of Ql. Unless we state
otherwise, O will denote the ring of integers of Kf,λ. Since we are assuming that
λ splits in Kf , in our case is O ∼= Zl. From now on, we set µr = χǫ
kr−1. Notice
that the residual determinant is χǫk−1.
Definition 3.2. Fix kr. Let S = {ν | N, ν prime} ∪ {l,∞} and for each ν ∈ S,
define the following ring R,µrO,ν :
• for ν = l, define R,µrO,l to be the framed universal crystalline deformation
ring of Hodge-tate weight {0, kr − 1} for ρf,l with determinant µr.
• for ν = ∞, define R,µrO,∞ to be framed universal deformation ring for ρf,l
corresponding to odd deformations of ρf,l with determinant µr.
• for ν 6= l,∞, if ρf,l is not the twist of a semistable representation, de-
fine R,µrO,ν to be the framed universal deformation ring corresponding to
inertia-rigid deformations, i.e., deformations ρ with ρ(Iν) finite and de-
terminant µr.
• finally, for ν 6= l,∞, if ρf,l is the twist of a semistable representation,define
R,µrO,ν to be the framed universal deformation ring corresponding to semistable
lifts and determinant µr.
These rings satisfy the following properties.
Proposition 3.3. The rings defined in 3.2 are O-flat domains of finite dimension
over O. In particular:
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1. dim(R,µrO,l ) = 4,
2. for ν 6= l,∞, dim(R,µrO,ν ) = 3 (inertia-rigid and semistable cases),
3. dim(R,µrO,∞) = 2.
Proof. For 1, by Theorem 3.3.8 in [11] or Corollary 3.3.3 in [1], this ring is O-flat
(since the ring without fixed determinant is, cf. [5]), reduced, and if non-zero, the
ring R,µrO,l [1/l] is equidimensional (all of its irreducible components have the same
dimension) of Krull dimension 4 in our case (since in our case F = Ql). Due to
the O-flatness (we owe this argument to Patrick Allen in a private communication
with the authors):
dimO(R
,µr
O,l ) = dim(R
,µr
O,l )− dim(O) = dim(R
,µr
O,l [1/l]) = 4.
The fact this ring is non-zero is immediate since there is at least the point corre-
sponding to the lift ρkr,l, constructed in the previous section.
For 2 and 3, these rings are the same as in [9] Theorem 3.1, where theO-flatness
and the dimensions are given. The ring RO,∞ is non-zero due to [9] Theorem 3.3.
As for RO,ν , for ν 6= l,∞, in the inertia-rigid case, the existence the ring and
the existence of points defined over possibly a finite extension of O is ensured by
[9] Sections 3.3.1 to 3.3.3, and in the semistable representation twist case, it is
granted by [9] Section 3.3.4. 
Notation 3.4. Now, slightly abusing notation we will denote still by R,µrO,l the
union of all the components corresponding to potentially diagonalizable lifts,
which is again non-empty because of the existence of the lift ρkr,l proved in
lemma 3.1. This is still an equidimensional O-flat domain of finite dimension of
relative dimension 4.
Proposition 3.5. The ring R,loc,µrS := ⊗̂ν∈SR
,µr
ν,O is (after possibly replacing
O by the ring of integers of a finite extension of Qp), flat over O of relative
dimension 3|S|.
Proof. The ring R,µrO,l contributes 4 = 3|Sl|+ 1 to the tensor product dimension
(Sl denotes the set of primes above l, in our case just l itself). The ring R
,µr
O,l
contributes 2 and the rest contributes 3|S \ {l,∞}|. Summing all these numbers
gives the result. 
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Define
(3.1) R̂,loc,µrS := ⊗̂ν∈SR
,µr
ν ,
where Rν is the usual framed deformation ring (with no conditions except fixed
determinant).
Proposition 3.6. In a natural way R,µrO,S is an R̂
,loc,µr
S -algebra.
Proof. The ringR,µrO,S represents the functor A 7→ {(ρA, {βA,ν}ν∈S)} with det(ρA) =
µr and for each ν ∈ S, the ring R
,µr
ν represents the functor A 7→ {(ρA, βA,ν)},
where ρA is a lift of ρ to A, βν is a basis lifting the prescribed residual basis of
ρ and det(ρA|Dν ) = µr|Dν . The forgetul map (ρA, {βA,ν}ν∈S) 7→ (ρA, βA,ν) gives
an arrow Rν → R
,µr
O,S , hence an arrow R̂
,loc,µr
S → R
,µr
O,S . 
Now, define
(3.2) R̂,µrS = R
,µr
O,S ⊗̂R̂,loc,µr
S
R,loc,µrS .
Definition 3.7. Let Rkr ,global be the image of the usual unframed deformation
ring RµrS in R̂
,µr
S via the natural map R
µr
S → R
,µr
O,S .
The ring Rkr,global, represents the functor that assigns to a CNL-O-algebra
A, the set of triples {(ρA, (ρν)ν∈S , (gν)ν∈S)} where ρA (resp. ρν) is a lift of ρ
(resp. ρ|Dν ) to A and such that for each ν ∈ S, gν is an element of GL2(A) of
determinant 1 with ρν = int(gν)ρA|Dν , and for each ν ∈ S, the local represen-
tation ρA|Dν ∼= ρν : Dν → GL2(A) factors through an arrow R
,µr
ν,O → A, which
is equivalent to say that they satisfy each imposed local condition at ν. In par-
ticular, ρA|Dl is crystalline and potentially diagonalizable of Hodge-Tate weight
{0, kr − 1}.
Two tuples (ρA, {ρν}ν∈S , {gν}ν∈S) and (ρ
′
A, {ρ
′
ν}ν∈S , {g
′
ν}ν∈S) are equivalent
if there exists g ∈ GL2(A) with det(g) = 1 such that (ρ
′
A, {ρ
′
ν}ν∈S , {g
′
ν}ν∈S) =
(int(g)ρA, {ρν}ν∈S , {gνg
−1}ν∈S).
Notice that the ring Rkr ,global has been constructed following the recipe given
by [9] in Section 4.1.1. In our process, all the rings are the same as in [9] except
the local ring R,µrO,l , giving the local deformation condition at l.
To state the next ingredient in our proof, we need to recall the concept of
torsor. We refer the reader to [9] Section 2.4 for details on quotients of functors
by group actions.
Definition 3.8. Let X be a representable functor from the category of complete
noetherial local O-algebras to sets and a G a smooth group acting freely on X.
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Let O be the functor of orbits of G acting on X and denote GO := G × O. We
say that X is a torsor over O of group GO if the natural map GO×X → X×OX
is an isomorphism.
For a complete noetherian local O-algebra R, the formal spectrum Specf(R)
defines a representable functor by Specf(R)(S) = HomO(S,A).
Proposition 3.9 ([9] Prop. 4.1). The ring R̂,µrS is a power series ring over
Rkr,global in 4|S| − 1 variables.
Proof. This is immediate from the fact that Specf(R̂,µrS ) is a Specf(Rkr ,global)-
torsor of group (
∏
ν∈S(GL2)1)/Gm. The reader is referred to [9] Prop 4.1. for a
proof, which is independent of what are the precise deformation conditions. 
3.3. The dimension of the global deformation ring. In this section we prove
that the ring Rkr,global has positive absolute dimension. Our proof follows very
closely Proposition 4.5 in [9]. Actually, our situation is a very particular case of
the general framework considered therein. Next we recall the relevant facts of
Galois cohomology presented in Section 4 of [9] but adapted to our case.
Let F be a number field and S a finite set of places of F possibily containing the
archimedean ones. LetM be a GF -module where the action is unramified outside
S. For k = 0, 1, denote by Hk(S,M) the cohomology group Hk(GF,S ,M). If for
each ν ∈ S we are given a subspace Lν of H
k(Dν ,M), we denote by H
k
{Lν}
(S,M)
the preimage of the subspace
∏
ν∈S Lν ⊆
∏
ν∈S H
k(Dν ,M) under the restriction
map Hk(S,M) →
∏
ν∈S H
k(Dν ,M). Following [9] 4.1.1, we fix k = 1, and
consider two situations:
• Case 1: M = Ad0(ρf,l) and for each ν ∈ S, Lν is the image ofH
0(Dν , Ad/Ad
0)
in H1(Dν , Ad
0), which has dimension 0, since we are assuming l > 6.
• Case 2: M = Ad(ρf,l), and for each ν ∈ S, Lν = 0. Notice that for us,
the set V considered in 4.1.1 of [9] is empty.
Since in our case l > 6, we have Ad(ρf,l) = Ad
0(ρf,l) ⊕ Z with Z the scalar
matrices in M2(Fl). Write Ad and Ad
0 for Ad(ρf,l) and Ad
0(ρf,l) respectively,
define (Ad0)∗ := HomF(Ad
0,F) and (Ad0)∗(1) = HomF(Ad
0, µ∗l ).
Lemma 3.10 ([9] Lemma 4.3). Consider the exact sequence
0→ H0(S,Ad0)→ H0(S,Ad)→ F→ H1(S,Ad0)→ H1(S,Ad).
Denote by H1(S,Ad0)η and H1{Lν}(S,Ad
0)η the images of H1(S,Ad0)→ H1(S,Ad)
and H1{Lν}(S,Ad
0)→ H1(S,Ad). Then:
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1. The surjective maps H1(S,Ad0) → H1(S,Ad0)η and H1{Lν}(S,Ad
0) →
H1{Lν}(S,Ad
0)η are isomorphisms.
2. H0(F,Ad0) = H0(F, (Ad0)∗(1)) = 0.
3. There is an injection H1(F,Z) →֒ H1(F,Ad).
We will make use of the following result, which is also a particular case of
Lemma 4.4 of [9]. We provide the proof in our setting for the sake of completeness.
Proposition 3.11. The minimal number of generators of R,µrO,S (analogously
R̂,µrS ) over R̂
,loc,µr
S (analogously R
,loc,µr
S ) is
g := dimF(H
1
{Lν}
(S,Ad0)) +
∑
ν∈S
dimF(H
0(Dν , Ad)) − dimF(H
0(F,Ad)).
Proof. Denote by m the maximal ideal of R,µrO,S . It is enough to prove that the
dimension of the relative tangent space T := HomO(m/m
2 ⊗
R̂
,loc
S
F,F) is g.
First, notice that by Lemma 3.10, we have dimF(H
1
{Lν}
(S,Ad0)η) = dimF(H
1
{Lν}
(S,Ad0))
and T corresponds with the set of infinitesimal deformations ρ of ρf,l to GL2(F[ε])
together with {βν}ν∈S such that for each ν ∈ S, βν lifts the prescribed basis β of
ρf,l and (ρ|Dν , βν)
∼= ρf,l ⊗F F[ε].
Secondly, H1{Lν}(S,Ad
0) is obtained from T by requiring that two choices of
bases {βν}ν∈S and {β
′
ν}ν∈S are equivalent if there exists φ ∈ GL2(F[ε]), commut-
ing with the Dν actions which reduces to a homthety on F
2 and brings βν to β
′
ν
for each ν. This is equivalent to the exact sequence:
0→ H0(F,Ad)→
∏
ν∈S
H0(Dν , Ad)→ T → H
1
{Lν}
(S,Ad0)η → 0,
which is equivalent to the result we want to prove. 
Lemma 3.12 (Wiles, see [9] 4.1.16). With notations as above, it holds:
(3.3)
|H1{Lν}(S,Ad
0)|
|H1{L∗ν}
(S, (Ad0)∗(1))
=
|H0(F,Ad0)|
|H0(F, (Ad0)∗(1))
∏
ν∈S
1
H0(Dν , Ad0)
.
Proof. This is Equation (2) in Section 4.1.6 of [9], with V = ∅ and l > 2, as in
our case. 
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Next we prove the technical core of this paper.
Theorem 3.13. Notations as before, it holds
dim(Rkr ,global) ≥ 1.
Proof. Let g = dimF(H
1
{Lν}
(S,Ad0))+
∑
ν∈S dimF(H
0(Dν , Ad))−dimF(H
0(F,Ad))
be, as in Lemma 3.11, the minimal number of generators of RO,S over R̂
,loc
S . By
Wiles’s Lemma 3.12 and Lemma 3.10 (2), this can be written as
dimF(H
1
{L∗ν}
(S, (Ad0)∗(1)))−dimF(H
0(F,Ad))+
∑
ν∈S
(dimF(H
0(Dν , Ad))−dim(H
0(Dν,Ad0))).
Considering the exact sequence
0→ H0(Dν , Ad
0)→ H0(Dν , Ad)→ F→ 0,
we have
(3.4) g = dimF(H
1
{L∗ν}
(S, (Ad0)∗(1))) + |S| − 1.
Hence, we have a presentation
R,µrO,S
∼= R̂
,loc,µr
S [[X1, ...,Xg ]]/J
which induces an isomorphism on the relative to R̂,loc,µrS tangent spaces of
R̂,loc,µrS [[X1, ...,Xg ]] and R
,µr
O,S . Denote by r(J) the minimal number of gen-
erators of J , so that r(J) = dim(J/mJ), where m is the maximal ideal of
R̂,loc,µrS [[X1, ...,Xg ]].
Next, as we will prove apart in Lemma 3.14, we observe that r(J) ≤ dimF(H
1
{L∗ν}
(S, (Ad0)∗(1))).
And now, the rest of the proof is esxactly as in Prop. 4.5 of [9]:
We start with the presentation
R,µrO,S
∼= R̂
,loc,µr
S [[X1, ...,Xg ]]/J.
with it and the natural maps R̂,loc,µrS → R
,loc,µr
S and R
,µr
O,S → R̂
,µr
S we deduce
a presentation
R̂,µrS
∼= R
,loc,µr
S [[X1, ...Xg ]]/J
′,
where J ′ is generated by at most dimF(H
1
{L∗ν}
(S, (Ad0)∗(1))) elements.
Hence, denoting by dim the absolute dimension of a ring, we have:
dim(R̂,µrS ) ≥ dim(R
,loc,µr
S ) + g − dimF(H
1
{L∗ν}
(S, (Ad0)∗(1))),
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which due to Equation 3.4 is lower bounded by dim(R,loc,µrS ) + |S| − 1, which
equals 4|S|, by Proposition 3.5 (O has absolute dimension 1).
To conclude the proof, we apply Poposition 3.9:
dim(R̂,µrS ) = dim(Rkr ,global) + 4|S| − 1 ≥ 4|S|.
and the result holds. 
We are now left to prove the following technical result:
Lemma 3.14. Notations as before, it holds:
r(J) ≤ dimF(H
1
{L∗ν}
(S, (Ad0)∗(1))).
Proof. The strategy is to define an injective F-linear map f : HomF(J/mJ,F)→
H1L∗ν (S, (Ad
0)∗(1))∗. For this, we will define an F-bilinear pairing
( , ) : H1L∗ν (S, (Ad
0)∗(1))×HomF(J/mJ,F)→ F
and check that ( , ) is non-degenerate on the right.
So, let u ∈ HomF(J/mJ,F) and [x] ∈ H
1
L∗ν
(S, (Ad0)∗(1)). We have the exact
sequence
(3.5) 0→ J/mJ → R̂,loc,µrS [[X1, ...,Xg ]]/mJ → R
,µr
O,S → 0,
which after push-forward by u gives
(3.6) 0→ Iu → Ru → R
,µr
O,S → 0,
where Ru is an R̂
,loc,µr
S -algebra, via
R̂,loc,µrS →֒ R̂
,loc,µr
S [[X1, ...,Xg ]]/mJ → u∗R̂
,loc,µr
S [[X1, ...,Xg ]]/mJ = Ru.
Let (ρ, (ρν)ν∈S , (gν)ν∈S) be the tuple representing the tautological point of
R,µrO,S , i.e., corresponding to the identity on R
,µr
O,S . Since Ru is an R̂
,loc,µr
S -
algebra, then for all ν ∈ S we obtain a lift ρ˜ν of ρν with values in GL2(Ru).
Likewise, choose lifts g˜ν ∈ GL2(Ru) of the gν and write ρ˜
′
ν := int(g˜
−1
ν )(ρ˜ν).
Consider a set-theoretic lift ρ˜ : GS → GL2(VRu) of the universal representation
ρ,µrS : GS → GL2(R
,µr
S ) such that the image of ρ˜ consists of automorphisms
of prescribed determinant φ. This is possible since SL2 is smooth. Define the
cocycle c : (GS)
2 → Ad0 by c(g1, g2) := ρ˜(g1)ρ˜(g2)ρ˜(g1g2)
−1 − 1 and the cochain
aν : Dν → Ad
0 by ρ˜(g) = (1 + aν(g))ρ˜
′
ν(g).
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A short computation shows that c|Dν = δ(aν). Now, we can define;
([x], u) := (x, u) :=
∑
ν∈S
inv((xν ∪ aν) + zν)
where x is a 1-cocycle representing [x], z is a 2-cochain of GS with values in O
∗
S
such that δ(z) = (x∪c) and ∪ is the cup product followed by the map on cochains
defined by the pairing (Ad0)∗(1)×Ad0 → F(1).
We refer to the reader to [9] p. 541 for a proof of the fact that a) ( , ) does
not depend on the choice of the representative of [x], nor of the choice of the lift
ρ˜, nor on the choice of gν and b) that ( , ) is F-bilinear.
Now, if f(u) = 0 for u 6= 0, using fact that the Poitou-Tate pairing is non-
degenerate, it follows [c] = 0 and hence ρ˜ is a Galois representation and [z] = 0.
Hence, the attachment (ρ, (ρν), (gν)) 7→ (ρ˜, (˜ρν), (g˜ν)) defines a section of the map
Ru → R
,µr
O,S . But this is impossible since Ru → R
,µr
O,S induces an isomorphism
on R̂,loc,µrS -tangent spaces and hence so does the section, which implies that the
section is an isomorphism, which is a contradiction with 3.6 and the fact that Iu
is isomorphic to F as Ru-module.

3.4. The final step. To conclude our proof, we check in this section thatRkr,global
is finitely generated as O-module and that there is a point ψkr : Rkr ,global → Zl.
As an intermediate argument, we invoke an R ∼= T result for the analogue of
Rkr,global over a certain extension, which by a base-change modularity result
yields modularity over Q, namely, that the point ψkr corresponds to a weight kr
modular crystalline and potentially diagonalizable deformation of ρf,l.
To start with, we recall one of the main results in [2]. This is a very general
result and one of the main inputs in our proof. The relevant background on
automorphic representations is standard and we refer the reader to [2] Section 1.
Theorem 3.15 ([2], Theorem 4.4.1). Let F be an imaginary CM field with max-
imal totally real subfield F+. Let n ∈ Z≥1 be an integer, and let l > 2(n + 1) be
an odd prime, such that ζl 6∈ F and all primes of F
+ above l split in F . Let S
be a finite set of finite places of F+, including all places above l, such that each
place in S splits in F . For each place ν ∈ S choose a place ν˜ of F lying over ν.
Let µ be an algebraic character of GF+ and let r : GF → GLn(F¯l) be a continuous
representation such that
POTENTIALLY DIAGONALIZABLE MODULAR LIFTS OF LARGE WEIGHT 17
1. (r, µ) is a polarized mod l representation unramified outside S, which
either we suppose is ordinarily automorphic or we suppose is potentially
diagonalizably automorphic and,
2. r¯|GF (ζl) is irreducible.
For ν ∈ S, let ρν : GFν˜ → GLn(OQl) be a lift of r|GFν˜ . If ν|l, assume further
that ρν is potentially diagonalizable, and that for all τ : Fν˜ → Ql, HTτ (ρν)
consists of n distinct integers.
Then there is a regular algebraic, cuspidal, polarized automorphic representa-
tion (π, χ) of GLn(AF ) such that
(1) rl,ι(π) ∼= r¯;
(2) rl,ι(χ)ε
1−n
l = µ;
(3) π has level potentially prime to l;
(4) πis unramified outside S;
(5) for ν ∈ S we have: ρν connects to rl,ι(π)|GFν .
We want to apply this result to the residual representation ρ¯f,ℓ as in the pre-
vious subsections. We fix S, as in section 3.2, to be the union of set of primes
in N , the prime ℓ and ∞. Choose an imaginary quadratic field F in which all
finite primes in S are split. We consider the restriction of ρ¯f,ℓ to GF and we fix
the local lifts ρν of it at all places in S as in previous subsections: at ℓ we take
the potentially diagonalizable lift of Hodge-Tate weights {0, kr − 1} constructed
in lemma 3.1, and at finite places p different from ℓ we simply take the lift cor-
responding to ρf,ℓ locally at p.
Condition 1 in the theorem is satisfied since we know that the modular lift ρf,ℓ
is potentially diagonalizable, and by base change (cf. [10]) the restriction to GF
of this representation is also automorphic. Condition 2 is also satisfied because
we are assuming that the image of ρ¯f,ℓ contains SL2(Fl), a condition that is pre-
served when restricting to GF (ζl).
With the local conditions that we have imposed, we apply the previous theorem
to obtain a lift of the restriction of ρ¯f,ℓ to GF which on the one hand is auto-
morphic and on the other hand corresponds to a point in the deformation ring
Rkr ,global,F which is defined as in previous subsections except for the fact that
we are now working over F . This lift is attached to an automorphic form π of
GL2(F ) and it has all the properties (it is potentially diagonalizable and has the
right Hodge-Tate weights) that we want in the main result of this paper except
for the fact that it is a representation of GF , not necessarily extending to GQ.
Another result that we need to invoke from [2] says that not only there is an auto-
morphic point in the ring of deformations with local conditions Rkr,global,F of the
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restriction of ρ¯f,ℓ to GF but also every deformation with these local conditions is
automorphic, i.e., we have the R ∼= T theorem described by the formula:
(3.7) Rkr ,global,F
∼= Tkr,global,F ,
where Tkr,global,F is the universal modular framed deformation ring attached to
our deformation problem over F , which is a Hecke algebra for GL2(F ), and hence
a finitely generated O-module. Thus we have already established that Rkr,global,F
is a finitely generated O-module. From this the next step is to “descend” this
property to the corresponding deformation ring over Q of ρ¯f,ℓ.
Proposition 3.16. If Rkr ,global,F is a finitely generated O-module, then Rkr,global
is a finitely generated O-module.
Proof. We follow a similar argument given in [9] for another deformation prob-
lem. If Rkr ,global,F is a finitely generated O-module, then Rkr,global,F/L is a finite
set, where L = (ℓ). Hence, GL2(Rkr ,global,F/L) is also a finite set. Since GF has
finite index in GQ, and the restriction to GF of the deformation of ρ¯f,ℓ with val-
ues in Rkr,global/L gives a deformation of ρ¯f,ℓ|GF with values in Rkr,global,F /L
(this follows from the universal property of Rkr,global,F /L) we conclude that
GL2(Rkr ,global/L) is also a finite set. Then Rkr,global/L is a finite set and we
conclude that Rkr ,global is a finitely generated O-module. 
Corollary 3.17. There exists at least one point Rkr ,global → Z¯ℓ → 0 where Z¯ℓ
denotes the ring of integers of Q¯ℓ.
Proof. Recall that we have deduced that Rkr,global,F is a finitely generated O-
module (see the discussion following theorem 3.15 ), thus it follows from propo-
sition 3.16 that Rkr,global is a finitely generated O-module. As proved by Bo¨ckle
(see [13], Lemma 2) from the combination of this with theorem 3.13 it follows
that Rkr,global is a finite flat and complete intersections O-module. From this, we
deduce that it contains a point over Z¯ℓ. 
Now we conclude our work with the following observation:
Corollary 3.18. The point Rkr ,global → Z¯ℓ → 0 corresponds to a modular repre-
sentation of weight kr.
Proof. Since the restriction to GF of this lift is modular due to the results in
[2], as seen in equation 3.7, the lift itself is modular by solvable base change (cf.
[10]). 
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